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1. (40%) In Fig. 1, three bars with three cross sections are subjected to the same torques T
and are made of the same material. Compute the angles of twist per unit length g for
each cross section and compare results, using symbols of G, T;,, R,and ¢.
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2. (20%) In Fig. 2, a large ring is loaded. By considering the strain energy associated with
bending, determine the bending moment and the normal force within the ring at the point

of application of P by using Castigliano’s theorem. Express results by R and P.

3. (40%) A 2m long cantilever beam is subjected to a load P =5kN at the tip making an
angle of ¢ =30" with the vertical axis. The equal angle section is shown in Fig. 3.

(a) Find the centroid C of the cross section. (5%)

(b) Find the orientation of principal axes and principal moment of inertia of the cross section.
(20%)

(c) Determine the maximum tensile and compressive normal stresses in the beam. (15%)
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Problem 1 (25%)

A simply supported beam of span L and constant flexural rigidity £/ is assumed to be
massless. A linear spring of stiffness K is attached at the midspan of the beam, and a
concentrated mass ™ is suspended from the spring. (Equivalently, the suspended weight is
w=mg)
(a) Using a rigorous modeling approach (e.g., compatibility and force equilibrium,
energy methods, or Lagrange’s equations), derive the equation of motion for small
vertical vibrations about the static equilibrium position.

(b) Obtain a closed-form expression for the natural circular frequency @n (and/or fn) in
terms of k, EI L and m.

(c) Verify your expression by checking limiting cases and physical consistency.
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Problem 2 (25%)

A single-degree-of-freedom oscillator consists of a mass Mconnected to a fixed wall by a
spring K1and a viscous damper Cacting in parallel. The mass is also connected to a moving
support by a spring K2, as shown.

The support motion is prescribed by the velocity #(t) = Asin (Bt), with u(0) =0, The
mass is initially at rest.

Given:
ky = 20.5 kip/in,

k, = 25.5 kip/in,
w
w =10 k1ps(m = E),

¢ = 0.250 kip-s/in,
g = 386.4 in/s*

(a) Determine the support displacement u(t).
(b) Derive the equation of motion using the absolute displacement * (£)of the mass.
(¢) Derive the equation of motion using the relative displacement Y(t) = x(t) — u(t),

and obtain the corresponding effective forcing function F (8), with all coefficients
evaluated numerically.
(d) Verify that the formulations obtained in parts (b) and (c) are mathematically

equivalent

kl _ I%‘_ (t)
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Problem 3 (25%)
The single-story frame shown in Fig. 3 consists of two identical steel columns of height

Hconnected by a rigid girder of span L. The girder is rigid in-plane and carries essentially all
of the system mass (column mass is negligible). The bases are fixed, and the
girder-to-column joints are rigid. The structure is displaced laterally by an unspecified
method and then released to undergo free vibration.

Geometry: L =381t H =161t

Column properties: E = 29,000 ksi_ I. =146 in* A, =11.8in?

Assume linear elastic behavior and viscous damping. An accelerometer mounted on the rigid

girder recorded the lateral acceleration response a(t) shown in Fig. 4.

(a) From the free-vibration record, estimate ®a, ¢ ,and @n.
(b) Model A (translation-only SDOF): Neglect column axial deformation (EA— )

Derive the lateral stiffness Kaand compute the girder weight Wa.
(c) Model B (translation + rigid body rotation): Allow the girder to have a lateral

translation A(t)and a rigid-body rotation 6(t). Include column axial deformation
(EA < ), For a lateral force applied through the girder centroid with zero applied
moment, derive the effective lateral stiffness Xpand compute Ws.

(d) Compute Cerand €, and verify the overall results using unit checks and internal

cross-checks.

Note: You may treat the acceleration peaks as proportional to the response amplitude for the

purpose of logarithmic decrement.
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Problem 4 (25%)

(a) Define the response spectrum in linear structural dynamics. For a linear
single-degree-of-freedom system subjected to a prescribed ground acceleration
g (),
o Write the governing equation of motion in relative coordinates.
e Clearly define the response quantity used to construct an acceleration response

spectrum, and state the assumptions inherent in this definition.

(b) Explain how an acceleration response spectrum is generated from a given ground
acceleration record. Your answer should address:
e the role of damping,
e the definition of maximum response,
o the physical meaning of the acceleration response spectrum, and

o at least two fundamental limitations of the response spectrum method.
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